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Abstract
We construct new invariants and give several theorems which determine in general (i)
the number of physically meaningful phases in quark mass matrices and (ii) which elements
of these matrices can be rendered real by rephasings. We illustrate our results with simple
models.
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Understanding fermion masses and quark mixing remains one of the most important out-
standing problems in particle physics. In an effort to gain insight into this problem, many
studies of simple models of quark mass matrices have been carried out over the years. The
phases in these mass matrices play an essential role in the Kobayashi-Maskawa (KM) mech-
anism [1] for CP violation [2]. A given model is characterized by the number of parameters
(amplitudes and phases) which specify the quark mass matrices. Thus, a very important
problem is to determine, for any model, how many physically meaningful complex phases
(i.e. phases 6= 0 or pi) occur in the quark mass matrices and which elements of these matrices
can be made real by rephasings of quark fields. Surprisingly, there is no general solution to
this question in the literature. In this Letter we shall present a general solution and apply
our results to several models.
The quark mass terms can be written in terms of the SU(3) × SU(2) × U(1) fields as
− Lm =
3∑
j,k=1
[
vuQ¯1jLY
(u)
jk ukR + vdQ¯2jLY
(d)
jk dkR
]
+ h.c. (1)
where j, k denote generation indices, Q1L = (
u
d)L, Q2L = (
c
s)L, Q3L = (
t
b)L; the first subscript
on Qa,jL is the SU(2) index; u1R = uR, u2R = cR, and so forth for dkR [3]. Here we assume
three generations of standard model fermions. Y (u) and Y (d) are the Yukawa matrices in
the up and down quark sectors whose diagonalization yields the mass eigenstates ujm and
djm. The vu and vd are mass parameters (Higgs vacuum expectation values in theories with
fundamental Higgs).
To count the number of physically meaningful phases, we rephase the fermion fields so
as to remove all possible phases in the Y (f). We consider the quark sector first. Here, one
can perform the rephasings defined by
QjL = e
−iαjQ′jL (2)
ujR = e
iβ
(u)
j u′jR (3)
djR = e
iβ
(d)
j d′jR (4)
for j = 1, 2, 3. In terms of the primed (rephased) fermion fields, the Yukawa matrices have
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elements
Y
(f)′
jk = e
i(αj+β
(f)
k
)Y
(f)
jk (5)
for f = u, d. Thus, if Y (f) has Nf nonzero, and, in general, complex elements, then the Nf
equations for making these elements real are
αj + β
(f)
k = −arg(Y
(f)
jk ) + η
(f)
jk pi (6)
for f = u, d, where the set {jk} runs over each of these nonzero elements, and η
(f)
jk = 0 or 1
[4]. Let us define the 9-dimensional vector of fermion field phases
v = ({αi}, {β
(u)
i }, {β
(d)
i })
T (7)
where {αi} ≡ {α1, α2, α3}, etc., and
w = ({arg(Y (u)) + η
(u)
jk pi}, {{arg(Y
(d)) + η
(d)
jk })
T (8)
of dimension equal to the number of rephasing equations Neq = Nu+Nd. We can then write
(6) for f = u, d as
Tv = w (9)
which defines the Neq-row by 9-column matrix T .
We first note that rank(T ) ≤ 8. This is proved by ruling out the only other possibility,
i.e. rank(T ) = 9. The reason that rank(T ) cannot have its apparently maximal value is that
one overall rephasing has no effect on the Yukawa interaction, namely the U(1) generated
by (2)-(4) with −αi = β
(u)
j = β
(d)
k for all i, j, k.
Our first main theorem is: The number of unremovable phases Np in Y
(u) and Y (d) is
Np = Neq − rank(T ) (10)
This is proved as follows. Let rank(T ) = rT . Then one can delete Neq − rT rows from the
matrix A, i.e. not attempt to remove the phases from the corresponding elements of the
Y (f), f = u, d. For the remaining rT equations, one moves a subset of 9− (Neq − rT ) phases
in v to the right-hand side of (6), thus including them in a redefined w¯. This yields a set
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of rT linear equations in rT unknown phases, denoted v¯. We write this as T¯ v¯ = w¯. Since
by construction rank(T¯ ) = rT , T¯ is invertible, so that one can now solve for the rT fermion
rephasings in v¯ which render rT of the Neq complex elements real. Hence there are Neq − rT
remaining phases in the Y (f), as claimed. ✷.
Some comments are in order. First, as is clear from our proof, the result (10) does not
depend on whether or not Y
(f)
jk = Y
(f)
kj , and hence making Yf (complex) symmetric does not,
in general, result in any reduction in Np. Second, if one of the unremovable phases is put in
a given off-diagonal Y (f)pq , one may wish to modify the qp
′th equation to read
αq + β
(f)
p = −arg(Y
(f)
qp )− arg(Y
(f)
pq ) (11)
For example, in a model where |Y (f)pq | = |Y
(f)
qp |, this would yield Y
(f)∗
pq = Y
(f)
qp for this pair pq.
The modification in (11) has no effect on the counting of phases.
A fundamental question concerns which elements of Y (u) and Y (d) can be made real by
fermion rephasings. This is connected with the issue of which rows are to be removed from
T to obtain T¯ , i.e. which nonzero elements of the Y (u) and Y (d) are left complex. We
present two more theorems which answer this question. The general method is to construct
all independent complex rephasing-invariant (wrt. (2)-(4)) products of elements of the Y (f),
f = u, d. These must involve an even number of such elements. Since, by construction, these
have arguments 6= 0, pi, each one implies a constraint which is that the set of 2n elements
which comprise it cannot be made simultaneously real by any fermion rephasings. We thus
construct a set of invariants depending on the up and down quark sectors individually:
P
(f)
2n;j1k1,...jnkn;σL
=
n∏
a=1
Y
(f)
jaka
Y
(f)∗
σL(ja)ka
(12)
where f = u, d, and σL is an element of the permutation group Sn. Secondly, we construct
a set of invariants connecting the up and down quark sectors:
Q
(s,t)
2n;{j},{k},{m};σL,σu;σd
= (
s∏
a=1
Y
(u)
jaka
)(
t∏
b=1
Y
(d)
js+bmb
)(
s∏
c=1
Y
(u)∗
σL(jc)σu(kc)
)(
t∏
e=1
Y
(d)∗
σL(js+e)σd(me)
) (13)
where s, t ≥ 1, s + t = n, σL ∈ Sn, σu ∈ Ss, and σt ∈ St. At quartic order, 2n = 4, if σ in
(12) equals the transposition τ , we obtain the complex invariants
P
(f)
4;j1k1,j2k2;τ
≡ P
(f)
j1k1,j2k2
= Y
(f)
j1k1
Y
(f)
j2k2
Y
(f)∗
j2k1
Y
(f)∗
j1k2
(14)
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for f = u, d. At this order, there is only one Q-type complex invariant; this has s = t = 1,
σL = τ , and we denote it simply as
Qj1k1,j2m1 = Y
(u)
j1k1
Y
(d)
j2m1
Y
(u)∗
j2k1
Y
(d)∗
j1m1
(15)
Note that P
(f)
j1k1,j2k2
= P
(f)
j2k2,j1k1
, P
(f)
j1k1j2k2
= P
(f)∗
j1k2,j2k1
, and Qj1k1,j2m1 = Q
∗
j2k1,j1m1
.
At order 2n = 6, we find one independent P -type complex invariant for each f = u, d,
and two independent Q-type complex invariants, which we denote in a simple notation as
P
(f)
j1k1,j2k2,j3k3
= Y
(f)
j1k1
Y
(f)
j2k2
Y
(f)
j3k3
Y
(f)∗
j2k1
Y
(f)∗
j3k2
Y
(f)∗
j1k3
(16)
Q
(fff ′)
j1k1,j2k2,j3m1
= Y
(f)
j1k1
Y
(f)
j2k2
Y
(f ′)
j3m1
Y
(f)∗
j1k2
Y
(f)∗
j3k1
Y
(f ′)∗
j2m1
(17)
where (fff ′) = (uud) or (ddu). We find that there are no new constraints from any invariant
of order ≥ 8. Note that P
(f)
6;j1k1,j2k2,j3k3
= P
(f)∗
j3k2,j2k1,j1k3
, Q
(fff ′)
6;j1k1,j2k2,j3m1
= Q
(fff ′)∗
6;j1k2,j3k1,j2m1
.
Our theorems are as follows: For a given model, construct the maximal set of indepen-
dent complex invariants of lowest order, whose arguments (phases) are linearly independent.
Denote the number of these by Nia. Then (a) each of these invariants implies a constraint
that the elements contained within it cannot all be made simultaneously real; (b) this con-
stitutes the complete set of constraints on which elements of Y (u) and Y (d) can be made
simultaneously real; and hence (c) Np = Nia. Further, (d) there are no new constraints
from any invariant of order ≥ 8. Details of proofs are given in [5]. Usually, the lowest-order
nonvanishing complex invariants are quartic (an exception is given below).
Note that a set of Ninv independent complex invariants of lowest order, say, will have
arguments which are not in general linearly independent, so Ninv ≥ Nia. For each complex
invariant of a given order, X , arg(X) =
∑
f=u,d
∑
j,k c
(f)
j,karg(Y
(f)jk, where the sum is over
the Neq complex elements of Y
(u) and Y (d). These equations can be written as Zξ = w,
where ξ is the Ninv-dimensional vector ξ = (arg(X1), ..., arg(XNinv)) and Z is an Ninv-row
by Neq-column matrix. Then rank(Z) = Nia.
We illustrate our general theorems with some models [6]. The first is a generalization of
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models studied in Refs. [10] and [11]:
Y (u) =


0 A12 0
A21 A22 0
0 0 A33

 (18)
Y (d) =


0 B12 0
B21 B22 B23
0 B32 B33

 (19)
where each of the elements is, in general, complex. Calculating the 10×9 matrix, T , we find
rank(T ) = 8 so from (10), there are Np = 2 unremovable phases in the Yf . Correspondingly,
there are Ninv = Nia = 2 complex invariants (with independent arguments): First, P
(d)
22,33 =
B22B33B
∗
32B
∗
23 is nonzero, and since, in general, arg(P
(d)
22,33) 6= 0, pi, it follows that (i) at least
one of these phases must reside among the set S1 = {B22, B23, B32, B33} [12], and (ii) the 2×2
submatrix in Y (d) formed by S1 (and hence also Y
(d) itself) cannot be made hermitian [13].
Second, Q12,22 = A12B22A
∗
22B
∗
12 is nonzero, and in general arg(Q12,22) 6= 0, pi. Hence, (iii)
if one chooses Y (u) real, then it is not possible to make B12 and B22 both real. Conditions
(i)-(iii) are a complete set of rephasing constraints on the Y (f). These constraints allow both
phases to be put in Y (d) and both to be put in the set S1. If one chooses to make B22 and B12
real, then one cannot make Y (u) real, and must assign one phase to A12 or A22 and the second
to B23, B32 or B33. In accord with our theorem, although this model has one complex 6’th
order invariant, Q
(ddu)
32,23,12 = B32B23A12B
∗
33B
∗
12A
∗
22, its argument can be expressed in terms of
quartic invariant arguments: arg(Q
(ddu)
32,23,12) = arg(Q12,22)− arg(P
(d)
22,33).
A second model is given by
Y (u) =


0 A12 0
A21 0 A23
0 A32 A33

 (20)
(Fritzsch form [14]) and Y (d) as in (19) [10]. We find that the corresponding 11 × 9 matrix
T has rank(T ) = 8, so Np = 3. There are Ninv = 4 nonzero independent complex invari-
ants: P
(d)
22,33 as in model 1, together with Q12,32 = A12B32A
∗
32B
∗
12, Q23,32 = A23B32A
∗
33B
∗
22,
and Q23,33 = A23B33A
∗
33B
∗
23. These have only Nia = 3 independent arguments, since
arg(P
(d)
22,33) + arg(Q23,32) − arg(Q23,33) = 0. The constraints on rephasing from P
(d)
22,33 are
5
(i) and (ii) as above; and (iii) none of the sets {A12, A32, B12, B32}, {A23, A33, B22, B32}, and
{A23, A33, B23, B33} can be made simultaneously real. In particular, if Y
(u) is made real, then
none of the sets {B12, B32}, {B32, B22}, and {B23, B33} can be made simultaneously real.
A third model is given by
Y (u) =


0 0 A13
0 A22 0
A31 0 A33

 (21)
with Y (d) as in (18) (this generalizes models considered in [15] and [10]). Here T is 10 × 9
with rank(T ) = 8, so Np = 2. We find Ninv = Nia = 2 complex quartic invariants, P
(d)
22,33
and Q13,32. The constraint from P
(d)
22,33 is given in (i), (ii) above; the constraint from Q13,32
is that the set {A13, A31, B12, B32} cannot be made simultaneously real.
An example of a model for which the lowest order (nonzero) complex invariant occurs
at 6’th order is defined by Y (u) as given by (20) and Y (d) by (18) with Ajk → Bjk [16].
Here, T is 9 × 9 with rank 8, whence Np = 1. The Ninv = Nia = 1 6’th order invariant is
Q
(uud)
32,23,12 = A32A23B12A
∗
12A
∗
33B
∗
22. This yields the constraint that if Y
(u) is made real, then
{B12, B22} cannot be made real, and if Y
(d) is made real, then {A12, A23, A32, A33} cannot
all be made real. Further details and applications will be given elsewhere [5].
This research was supported in part by NSF grant PHY-93-09888. We thank L. Lavoura
for a discussion on the quartic P invariant.
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